Based on the idea of variable stiffness mechanisms, a variety of such mechanisms is shown in this work. Specifically, 2-DOF parallel kinematic machines equipped with redundant actuators and non-linear springs in the actuated joints are presented and a comparative overview is drawn. Accordingly, a general stiffness formulation in task space of all mechanisms is given. Under fixed geometric parameters, optimization of task space stiffness is carried out on the designs comprising all kinematic solutions. Finally, a stiffness metric is introduced that allows a quantitative comparison of the given mechanism designs. This gives rise to design guidelines for engineers but also shows an interesting outline for future applications of variable stiffness mechanisms.
Introduction and overview
Using parallel kinematic machines (PKMs) in modern robotic designs results in many advantages, due to the possibility of redundant actuation, higher load capacity and so on. Another recent tendency in robotics is the integration of flexible and soft links and joints to comply with higher safety standards, but also to increase the performance of robotic systems -may it be through energy storage or reduced mass, where for the latter flexibility is rather a consequence than an enhancement. Most notably, serial elastic actuators (SEAs) and variable impedance actuators (VIAs) find many applications in nowadays systems -see e.g [2] . Combining the conceptual ideas of PKMs and VIAs leads to a mechanism type that we call variable stiffness mechanisms (VSMs) and which we recently proposed in [10] . In general, VSMs allow simultaneous position and stiffness control of several end-effector DOFs and can thus be seen as a higher dimensional extension of VIAs. It is hoped that such designs lead to further enhancements of robotic systems, as they integrate compliance into multi-DOF mechanisms and give rise to impact tolerance, energy storage and stiffness adaptations. In this work a comparative overview of 2-degree-of-freedom (2-DOF) VSMs based on stiffness bounds is presented. For this purpose various possible VSMs are presented in this section followed by a generic approach of Cartesian stiffness modeling of all presented VSMs in Section 2. A metric to quantify the stiffness in task space is presented and computed for all mechanisms in Section 4 that is used to derive some design guidelines. Finally, Section 5 draws conclusions and future perspectives of this work.
Like animal muscle groups, VSMs rely on antagonistic actuation within parallel structures that can be achieved in different ways. An early example of this approach can be found in [11] , where stiffness control is opted via antagonistic actuation and later e.g. in [6] , including the dynamics of the system. Figure 1 shows six different ways 1 to achieve a planar 2-DOF VSM, ordered by the degree of actuation and its implementation. Arrows in Figure 1 indicate a module of non-linear spring com- Fig. 1 Overview of six different planar 2-DOF VSM, distinguished by the degree of actuation p and the way it is achieved. Arrows indicate installed motor-spring combinations -single arrow: (nonlinear) SEA, double arrow: VIA. A mechanism can be described by full coordinates q j i ( jth joint coordinate in ith leg) or by m generalized coordinates q k respectively. bined with a drive. Pairs of those in one joint indicate pair of springs and drives what would typically be a VIA. For the sake of stiffness changes at the end-effector, non-linear springs are necessary -stiffness changes could be induced by the nonlinearity and antagonism of the mechanism itself, like e.g. in [4, 6] , but we demand here, that the passive stiffness can also be changed. This in turn requires stiffness changes on joint level, what is expected to also enlarge the possible stiffnesses in the task space. A description of different redundancies in PKMs is given in [7] with the terms activation of passive joints and increment of manipulator joint space that apply to the centre box and right box of Figure 1 respectively. But we can also exploit redundant actuation with VIAs in the base joints -shown in the left box of that figure.
Stiffness modeling and optimization
Stiffness is the coefficient in the first order approximation of the relation of force and displacement. It is thus determined by the first-order term of the Taylor expansion of a force f with respect to a displacement s whereas, usually higher-order terms are neglected and then stiffness generally writes
We can define stiffness in different spaces, but it is required that f and ds exist in a certain space and its dual. This naturally results in square stiffness matrices, where off-diagonal terms describe the coupling between the coordinates contained in s. When force changes are decoupled from each other, diagonal stiffness matrices result. Those are e.g. present when the joint space stiffness of robotic systems is considered. A widely discussed problem is the conversion of stiffness from joint space to task space e.g. f : K q → K x . A good overview that addresses this mapping is given in [8] encompassing different works on serial and parallel manipulators. One major difference in the accounted works is the treatment of external loading that is commonly said to be responsible for asymmetric stiffness matrices. It has been argued by Hoevenaars and others [3] that asymmetry is a modeling inconsistency, as the resulting matrices have to arise from conservative properties alone. Zefran and Kumar [12] show in a geometric setting that asymmetry is resolved by choosing an affine connection on the robots configuration -the Lie group SE (3) . In contrast to this, Chen [1] illustrates asymmetric matrices as a result of non-coordinate transformations. What follows, is a practical argumentation for a model of symmetric stiffness matrices of our designs, exemplified by the conservative congruence transformation (CCT) [9] . Mapping via Jacobian between joint space forces τ and task space forces f is generally
Differentiating and making use of the stiffness expression (1) yields
where the first term on the right hand side can be changed by reordering indices and the second via expressing dx by the Jacobian
Finally, rearranging gives the task space stiffness
where K q is the diagonal joint space stiffness matrix and K g captures the Jacobian changes from external loading.
Whether K g should be included or not in (4) depends on the assumption whether a certain configuration of the mechanism can be maintained or not. In our proposed designs, spring deflections can be compensated by the serially attached motors. Thus external forces lead to stiffness changes on joint level, but the configuration of the mechanism is depending on commanded position x c alone and dJ T f in (3) vanishes. The stiffness mapping in (4) simplifies to
External loading can thus be seen as a problem that is solely reflected in K q what is in accordance with [3] .
Constraint Jacobian
The Jacobian matrix of a mechanism is given by differentiation of a constraint equation g(x, q) = 0 such as
where J † x is the pseudoinverse in the case of dim(g) > dim(x) and otherwise the usual inverse of J x .
Stiffness computation in task space
With the above equations and i legs attached to the end-effector, task space stiffness can be computed according to the scheme in Figure 2 , where the functions f −1 i :
x → q j i and ∂ f −1 i /∂ x : q j i → J leg i are the inverse and differential kinematics of 2-DOF serial planar mechanisms, as to be found e.g. in [5] . It should be noted that the full state of the mechanism q j i is computed and the subset q k is used to obtain the Jacobians of the parallel mechanism J to account for external loading. Finally, Cartesian stiffness is obtained by the sum of individual leg stiffnesses, where passive joints are accounted by zero joint stiffness. 
Jacobian null space and joint space stiffness optimization
Redundancy is reflected in the Jacobian matrix of (7) and can be directly used for stiffness optimization in task space. A general solution of (2) is presented through
with I as the identity matrix and τ τ τ n being an arbitrary vector in the space of τ τ τ. Since the second term of (9) represents the null space of J and thus τ τ τ n has no impact on f, one could also write τ τ τ = J T f + ker(J)u
where ker(J) gives the basis of the null space of J and u is an arbitrary vector with dimension equal to the degree of redundancy. Optimizing Cartesian stiffness by spring deflection γ i for a prescribed configuration then writes
In designs using VIAs (left box in Figure 1 ), the objective function reduces to simple joint stiffness k j = dτ s1 /dγ 1 + dτ s2 /dγ 2 where τ s1 and τ s2 are the spring forces in the VIA and the constraints reduce to a simple force equilibrium τ i − τ s1 + τ s2 = 0. The optimized joint space stiffness K q is then mapped to task space as in the scheme above.
A metric for work space stiffness
By looking at the determinant of Cartesian stiffness matrices, a scalar value implying magnitude of the underlying transformation can be given. Taking the difference between maximized and minimized stiffness further informs about the achievable difference, since absolute magnitude can always be influenced by installing different springs in the joints. As the variations in magnitude can be of some orders of magnitude, it is further appropriate to take the logarithm, thus stiffness variation writes
By integrating the variation over work space and normalizing, a configuration dependent work space stiffness metric is obtained wssm = sv(x)dV dV (12) 
Simulations and discussion
To allow a comparison between all designs, location of the base joints is fixed as depicted in Figure 3 , leaving r, l and e as geometric parameters that are kept dimensionless for simulations. Springs are modeled by means of the point-symmetric force function τ s = 5 sin(γ) · γ 3 in the interval γ ∈ [−π, π] that results in a convex stiffness function dτ s /dγ throughout this region. Even though, our formulations account for external forces, stiffness bounds of the different designs are computed without loading. In most cases and without external forces, stiffness minimization can simply be computed with K min q = f (γ i = 0) and mapped to Cartesian space. Points in task space with a condition index 1/cond(JJ T ) < 10 −4 are discarded from computation to avoid optimization attempts close to singularities. In Figure 4 a stiffness optimization of 4RRR is shown. The values of the minimized solution increase at the boundaries, since one of the legs gets into a stretched position, possessing high stiffness in one direction. A similar phenomenon can be seen with the 3RRR. Table 1 contains all computed metrics of the investigated mechanisms for two arbitrary geometric settings. It can be observed, that the computed metric of designs involving VIAs (2R 2 RR andR 2 RR +RRR) in the base is independent of geometry and kinematic solution -the magnitude is solely reflected by the non-linear function of the springs. Moreover, the metric of mechanism 2R 2 RR with two VIAs, has twice the magnitude as that ofR 2 RR +RRR which accounts that two eigenvalues of K x can be changed independently instead of one. Under the present geometries and in Table 1 Work space stiffness metric for all designs and kinematic solutions. Numbers in the vectors indicate first or second inverse solution of the independent joint coordinates. kinematic solutions mechanism    
geometric parameters: r i = r = 0.5, l i = l = 0.25, e = 0.5 terms of stiffness variations, it is preferable to locate actuators in the base when the degree of redundancy is of order two (2R 2 RR compared to 2RRR and 4RRR), while 4RRR allows the removal of singularities in a then more confined workspace. This is in contrast to simple redundancy, whereR 2 RR +RRR possesses smaller stiffness variations thanRRR +RRR and 3RRR. Because of the activation of passive joints, 2RRR andRRR +RRR usually have mass distributions that are not to the advantage of dynamic movements. In terms of stiffness changes, it can however be of interest to use the designRRR +RRR, since it allows bigger stiffness variations than R 2 RR +RRR but maintaining the same work space size.
Conclusion
In this work, a variety of planar 2-DOF VSMs has been introduced. The modeling applies to general PKM. The optimization of Cartesian stiffness in task space has been carried out. To this end, a metric has been introduced to assess and compare the different designs. We believe that the properties of such mechanisms should be further investigated, as their advantages can only be exploited with a thorough theoretical understanding.
